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ABSTRACT. Let ¥ be a convex function, and let f be a real-valued function
on [0, 1]. Let a modulus of continuity associated to ¥ be given as

( [f(x) = fFI

ovo=min § ff o495 )ésr < v00).

|x=yl<8

It is shown that [ }Q¢(8, f) d(—¥~'(c/8)) < oo guarantees the essential
continuity of f, and, in fact, a uniform Lipschitz estimate is given. In the
case that ¥(u) = exp u? the above condition reduces to

dé
O (8,f) —L—— <o,
f P Vi)

This exponential square condition is satisfied almost surely by the random
Fourier series f,(x) = £%.,a,R,(f)e™*, where (R,} is the Rademacher
system, as long as

V aZsin*(né/2) —2—— .
f ! Vlog(l/8 =%

Hence, the random essential continuity of f,(x) is guaranteed by each of the
above conditions.

1. Introduction. This study is concerned with a class of real valued func-
tions defined on [0, 1] for which certain boundedness and smoothness
properties can be characterized in terms of the following modulus of continu-
ity which is associated with the convex function ¥, namely:

Qg (6, f) = inf{A: f /

|x—y| <9
xy€elo]

(-——-—U( ) f(y)l )dx dy < ¥(1);.

The case where ¥(u) = |ul?, p > 1, has been investigated [3] and motivates
much of the more general case.
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If f(x) is measurable on [0, 1] let f*(x) be the unique nonincreasing
function on [0, 1] such that for all real A,

m{x: f(x) > A} = m{x; f*(x) > A}.
Sf*(x) is termed the “monotone rearrangement” of f. The first result is stated

in terms of f*, and it leads immediately to an estimate for the oscillation of a
function. Let Ly[0, 1] denote the Orlicz space associated with ¥ on [0, 1].

TueoreM 1.1. If f € Ly0, 1]and 0 < x < }, then

1
(1.1) f(x) = £*(2) f 04 (8,1)¥" ( ())
FE) - ra-x) l°g(3/2> 5

This theorem is an immediate generalization of the results in [3] and can be
used to give a sufficient condition for the essential continuity of a function f
and also a uniform Lipschitz-type estimate. Namely:

THEOREM 1.2. Let f € L0, 1] and suppose that

(1.2) fQ,,(af)qf ( ()) 5 <@

Then f is essentially continuous and, for all x and y in the Lebesgue set of f,

: ¥()
A3 1569~ 10 < grgy J 0w e (552) 2.

Of particular interest is the case where ¥(u) = exp u The above estimates
are then in terms of [3Q.,, (5, j)\ﬁog(c/ 8) db/8. Now there are heuristic
arguments which strongly suggest that the best possible estimates involving
Qexp (8, ) should be in terms of the quantity [§Q.,, A8, f) d6/ 8\/iog(c /8) .
This suggests that a stronger result than Theorem 1.1 may hold in full
generality. To this end observe that the above expression is the special case
corresponding to ¥(u) = exp u? in [3Q4(8, )d(—¥~(c/8)), and indeed it
turns out that the following improvement of Theorem 1.1 holds.

THEOREM 1.3. Let } < a < 1 with a fixed. Also let ¢ = ¥(1)/2(1 — a)a
and K = ¥~'Q2ca) /¥~ Y(c). If f(x) € Ly[0, 1] and 0 < x < 1, then

) = (3) K ! - ¢
14 8 -y £
(14 f:(%)_ﬂ(l_x)}<log1(f, Q\,,(G,f)d( ¥ (8))

A change of scale argument gives Theorem 1.2 as a consequence of
Theorem 1.1. This change of scale argument is unworkable in the present
situation. However, this type of argument, necessary to obtain a continuity
estimate, can be carried out when the right-hand side appears in an “in-
tegrated by parts” form. Let Q}(8, f) denote the sup function, i.e.
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Q¥ (8,f) = sup Qu(t.f).
0<r<s
THEOREM 1.4. Let f € Ly[0, 1] and suppose that

1) fo’Q;(s,f)d(—w-'(g)) < .

Then

(16) lim QY (. /)¥~'(c/1) =0,

a7 fo 'w-l(g)dQ:, (t,f) < w0,

and

(1.8) O - fH17) < 8 fo Py £ )doy .)

From (1.8) a continuity estimate now follows from a change of scale
argument.

TuEoReM 1.5. Let f € Lgl0, 11, If
19) i ‘038, na(-¥(§)) <,

then f is essentially continuous and, in fact, for x and y Lebesgue points of f, with
A=|x-y|

|f(x) = fO)] < 8[Q;( .234. ,f)q,-n(_zs_z_)
+fozA/3Q3l; (3,f)d(_q,-1( £ ))]

Theorem 1.5 gives (1.9) as a sufficient condition for the essential continuity
of f. In [2] a long and detailed argument (which is omitted here) is given to
show that for a large class of convex functions,

(1.10)

[osona(-(§)) <[ eu.na(-+7(£)

Hence, [304(8, )d(—¥!(c/8)) < oo can be used as the sufficient condi-
tion for essential continuity.

2. The rearrangement arguments. The fundamental inequality which serves
as the cornerstone here is the “rearrangement result” (see [4]) which gives

@) uf { 8‘I’(If*(X) —rO))axd < [f o(f(x) - F)]) dx dy
P

x-r|<8
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whenever @ is increasing and 0 < § < 1. As will be shown, (2.1) is used
directly to prove Theorems 1.1, 1.3 and 1.4.
To show Theorem 1.1, fix §, 0 < 8 < 1, and Ay = Qu(5, f). Also, for
0 < a < B < 1, let the rectangle Rs(a, 8) be given by
Rs(a,B)={(x):0< y<ad,Bd< x< 3}
Now using the definitions of Q4(8, f) and Rs(a, B), (2.1) and the monotonic-
ity of f*(x), it follows that

(1) > ff (M) dx dy
Ix—yl<8 Ao

D) f¥x) = 1) )
2= \I’( ———— |dx d
A T e L L

s 284l _B)\P( f*(azs);f*(ﬁa) )
0

Thus one obtains
Qy (8, )¥7'(¥(1)/2a(l = B)8) > f*(ad) — f*(B8).
Now for x < a/B,

¥(1
[ov.nv (g | 2 > [ ety - o] @

=[Fro%- [ rod
>[1*(Ba) - f*(a)]log(ﬁ/a).

Now choosing a = 1 and 8 = 3, the upper part of (1.1) follows immediately,
and the lower part is obtained from observing that (—f(x))* = — f*(1 — x).

To show that Theorem 1.2 is a consequence of Theorem 1.1, let I =
[a, B8] C [0, 1] and define

Q4 (8, £, I) = inf{A: ff

h—ﬂ<8
xy€EI

Let A = 8 — a and define g(s) on [0, 1] by g(s) = f(a + As). Let
o - ¥(1
0y (5.5) = mf{ I o 1209 =0, ) axa < ) }

k—ﬂ<8

(___[f(x) SO )dx dy < ¥(1);.

Observe thit Qy(8, f, I) < Qy(5, /) and Qy(A8, £, I) = 0y(8, g). Let O(I, f)
denote the oscillation of fon 1, i.e.

O(1,f) = esssup f(t) — essinf f().
tel tel
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Notice that |f(a) = f(B)| < O, f) whenever a and B are Lebesgue points
of f.

Now applying Theorem 1.1 in this situation gives

N 4¥(1
0([0,11.8) = 0% - 50 < bz [0 0000 T2 ) §

Clearly O ([0, 1], g) = O (I, f), so taking a and 8 to be Lebesgue points of f,
one obtains

@ - 1B < gy f, Ox 0w 55 ) £

¥(1)
1og(3/2) f Qy (83,1, 1)¥" (‘B‘)%’

¥(1)
log(3/2)fQ"’(A8f)‘I, ( A8 )8

4¥(1)
- w7 o ( =) 5

Hence, the proof of Theorem 1.2 is complete.

Before giving the proof of Theorem 1.3, consider the function 6 (¢) on [0, 1]
given by

8(t) = ca/¥[K¥!(ca/1)]

where 1 < a < 1, ¢ = ¥(1)/2(1 — a)a and K = ¥~'(2ca)/ ¥~ '(c). Observe
that

(1) 8(a) =

) 07'(s) = ca/H(1/K)¥ (ca/5)],

3) YN ca/O()) = K¥~Yca/?),

@) ¥~ Y(ca/87 (1) = (1/K)¥~Y(ca/ ).
The motivation for even considering 8 () is that in the upcoming proof of
Theorem 1.3, the solution to the following differential equation is needed:

(z.z)%[w-'(off"(t))]/w"(%)%[ ()] (o(t))

From the observations above it is clear that 8(f) is the desired solution since
both the right- and left-hand sides of (2.2) are equal to

1 d ca i ca
x a () (F)
Now proceeding directly with the proof, fix §, 0 < § < 1, and let Ay =
Q4(8, f). Let Ry(8) denote the rectangle given by
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Ry(8) ={(%y): a6 < x < §,0< y < 0(ad)}.
Using (2.1) and the monotonicity of f*(x), one obtains

Sr(x) = f*
\p(l)>_;_l f{' 8\1,(L-(j)_)\o-i)l)dx‘iy
x—y|<

Ry (8) 0

> (1 - a)0(a8)‘1’( r (0("8)20' fH(e0) )

Hence
Q4 (8,)¥'(ca/8(ad)) > f*(8(ab)) — f*(ad).
Now observe for 0 < x < 1,
1 _ 1 d(—¥7'(c/9))
[ 0e@na(=¥7(5))> [ [ @) - )] Tt
d(—=¥(ca/07' (1)) « d(—¥""(ca/1))
8(c) B
- o(ax)f'(t) ¥~(ca/1) fuﬁ(t) Y~Yca/0(1))
_ (o d(=¥"(ca/t)) d(=¥"(ca/t))
-/;(u)ﬂ(t) Y=Y ca/0 (1)) ¥~Y(ca/0 (1))
ax d(—¥"(ca/1)) « d(=¥"Y(ca/1))
=‘-[V(o:.x)f.l(t) ¥~ Yca/8(1)) —L(a)f‘(t) Y=Y ca/0 (1))
I\ re (=¥ 'ca/0)
>[re=2(3) e ¥y

> (K" og K)[ f(x) = (3)]-
So the top part of (1.4) is immediate and the lower part follows from the fact
that (—f(x))* = — f*(1 — x). This completes the proof of Theorem 1.3.

- [

Of the three conclusions in Theorem 1.4 only the proof of (1.8) will be

presented. The arguments involved in (1.6) and (1.7) are straightforward and

can be seen in [2].
As a preliminary to this proof consider the function

(1) = c/¥[ KT '(ca/1)]

where a is fixed, 0 < a < 1, ¢ = ¥(1)/2(1 — a)a and K > 1. Let § also be

fixed, 0 < & < 1, and define the following sequence {§,}:
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8 = af, 8, =al(d,_,) n=123,....
Observe that
) 8, = ca/¥[K"¥~\(c/8)];

SRS Okt = [q"( i) ‘I"(ng)]

From the first observation it is clear that §, decreases monotonically to zero.
This proof begins as before with & fixed and Ay = Qy(9, f). Let

Ry(8) = {(x,y):ad < x < §,0< y < af (ad)}.
Again invoking (2.1), one obtains

( |/*(x) = f*O) )dxay

~1/(1)>— [f

Ix-yi<8

Ao
2 f‘(J’)"f“(x))
= ¥| — | dx
SPIN »
f*(ab (ad)) — f*(ad) )
) |

> 2a(l - a)o(aS)‘I'(

Hence,
Q4 (8, /)Y Y(ca/ab (ad)) > f*(afd (ad)) — f*(ad).
Using the above reasoning with § replaced by 8(§,_,), one obtains
P (8ns1) — f%(5,) < Qg (6(5, l)’f)‘l'—l("“/snn )-

Now let A(?) = Q3(t/a, f), so that Qu(t, f) < A(at). Combining the above
and using the second observation gives

S*0%) = f*(8) = 2 [£*(8s1) — f2(80)]
< S A@s,)T- (M)

n=0

rE Bl () (g

n=0 6’!4’[

Applying partial summation yields

$ [rmi(52) - v () Jaen = 2 v ()4 - 46)]

”-o n+1 n-]

+ ¥ (ca/8,41)A(8,) — ¥ '(c/8)A(ad).
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Observing that (1.6) applies to the second term and combining this with the
above gives

+ K <
PO%) = i) < g 12?(8
T2

[ 4(5,1) = 4(5)]

> [ e

1

K 1

n

KK-21 foas‘l' '(Ta)d’“")

K2 L

— [¥(5) et
Choosing a = 2,8 = £ and K = 2 gives

) — = -1 € *
PO =r(5) <afv(£) dgs o).

So (1.8) follows since (—f(x))* = — f*(1 — x).

With the proof of Theorem 1.4 now complete, a change of scale argument
and integration by parts can be used to prove Theorem 1.5. The notation g(s),
Q.I,(S g) and Qy(9, f, I) where I = [a, B] C [0, 1] is consistent with that used

in the proof of Theorem 1.2. Applying the above argument to g and Q,,,(S g)
gives

Ot - 231 ¢\ gA
£°(0%) — g*(17) < 8 [ ¥ 55 ) 03 (8. o).
Combining this with the previous inequalities and identities yields for a and 8
Lebesgue points of fand A = 8 — a:

|f(a@) = f(B) < O(L,f)=0([0,1],8) = g*(0*) — g*(1")
<8["v(55) 0360
= 8[2/3?-‘(—&)dQ;(A8,f,1)
—8f2A/3\I' '(£) gy 3.5 1).

Continuing with the integration by parts one obtains
2A/3
|f(2) - £(B)] < Shi_rg, v §)es@sn)|
+[Pos 650 a(-v7(5))
<sjv(35)es(F )+ [*erna(-v(3))]

and so the proof is complete.
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3. The periodic case. Let f be periodic of period 27, and let wy(8, f) denote
the following modulus of continuity:

wy(8.f) = inf{}\: f ’"w( LS 8}‘) — /)| )dx < \1/(1)}.

In the previous sections, functions on [0, 1] have been considered, however,
by a change of scale the previous results remain valid for functions defined
on any interval [a, b] as long as Qu(d, f, [a, b]) is used. In this section
consider functions on [0, 27] and let Qy(8, f) = Q4(4, f, [0, 27]).

Theorem 1.5 gives (1.9) as a sufficient condition for the essential continuity
of f. The goal of this section is to show that

(€B)) folw\‘,(ﬁ,f)d(—\lf“(%)) < o

is also a sufficient condition in the periodic case for a large class of convex
functions. The following lemma is an essential preliminary.

LeEMMA 3.1. Let f € Ly[0, 27] be periodic of period 2m. Let 0 < 0 < § <
27. Then

(2) wg(8.f) < 2 [ g (1, ) di

and, in fact,

8
(3) 0y (0.f) < 5 fo wg (1, f) dt,
and
(4) 0y (0./) < 22 08‘%(" f) .

Assuming the validity of (3.4) for the moment, the main result of this
section can be presented.

THEOREM 3.2. Suppose ¥ has the property that there exists an a > 0 so that
o(t) = (d/df)(—¥~!(c/?)) is monotone decreasing on (0, a]. Then for all
f € Ly[0, 27 there exists a universal constant Cy such that for a,=
min{a, 1},

(35) 0"°Q;; (o, f)d(—\I'“‘( < )) <Gy fo “ig (5, f)d(—\I'"( < ))

Note. The above condition on ¥ is equivalent to ¥(£)¥"(¢)/(¥'(1))* < 2 for
t > t, where ¢, is to be specified (see [2]). Also observe that convex functions
which behave like |u|?, ™, exp|u|? and others satisfy this condition.

Proor. First observe that (3.4) gives



184 PAUL De LAND

03(5.5) <22 f wy(1,f) .
Let y(u) be the inverse to ¢(¢) on (0, a], ie.,
if 0 < u < @(a),
v(u) = 0! .
(u) ifu > ¢(a).

Now observe that

[ose 0w di= [og.n( [7© ) a

- f I Y og (8, f) dt du.
o Yo
Utilizing (3.4) yields

200 fo °°y(u)( ??13)' fo " e (4, ) dt) du> fo 08 (v(u), )y (u) du

@ ’
= (@) (af) + [ 0L(LS)(~1())d.
o(a)
Integration by parts gives (3.5) as follows:

200 [y (1. 1)0(8) > ap(a)Q3 (@) ~ lim 03 (1, N)1o(1)]

+[fo0] g 0 ) + Q3 ()]
= lim 03 (e.)e 9(¢)

+ [ 5 03 dr+ [*03. (111000 a
> [“03 (& Ne(r) at.
0

The argument will be complete once Lemma 3.1 is shown to be valid. To
show (3.2), first observe that

wy(8 + 0,f) < wy(8,f) + wy(a,f),
so that for0 < ¢ < §,

wy(8,f) < wy(t,f) + wy (8 — 1, 1).
This implies that

0y (8.f) < 5 f:w,,(z,f) di+ ;;-f:wq,(a —tf)dt

-2 j; Yoy (1, f) dt.
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To show (3.3) the triangle inequality along with the evenness of wy(9, f) is
utilized to give for0 < ¢ < §,

wy(0,f) < wy(o + 6, f) + wy (6, f).
From (3.2) one obtains

2 o+ 2 8
ou(0.f) < 555 [ we(ef) dir § [y (nf) .
(3.3) follows since

2 o+8 8 S
— 8fo wy(tf) dt<§fow\,,(t,f) dt.

Finally, to show (3.4) let 0 < 6 < §, and let A, = wy(o, f) and A =
(10/8) 8wy (t, f) dt. From the definition of wy(a, f), one has

() >j:"‘l'( |f(x + 0) = f(x)| ) dx>f02"_°\lf( |f(x + 0) = f(x)] ) I

Ao A

Integrating gives

¥(1) > 3 f ’ fo ( e+ °) Gl )dxdo

1 |f(x) - f (y)l
> = Y| ————— | dxdy.
8 Ix!)r{<6 ( 2 ) ay

x,y€lo0, 27]

So
20 9
Q\ll (8’f) < 'g' b w\y(t,f) dt.
Nowlet 0 < o < §; then

0u (1) < 22 [Cay (1) du

<2 (R [orter) a)

220 "’v(f f)a.

4. Application to random Founer series. Let
o0
fi(x) = X a,R, ()™,
n=]

where {R,} is the Rademacher system, denote a random Fourier series. The
goal in this section is to apply the tools developed in earlier sections to give
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sufficient conditions for the random continuity of f,(x).
To facilitate doing this, let

0y (8. f)=infix: 5 [f ‘If(w)dxdy<4w,
jx-yl<8
x,y€l0, 27]
wy(d,f) = inf{)\: LZ"T( e 8)\) — S ) dx < 47r},

and

Q4(8, f) = inf{xz fo ' fo 2"\If( S ’8)‘) — 4 ) ) dx dt < 477}.

Observe that all previous results remain valid with these altered moduli of
continuity as long as the constants are appropriately adjusted. The following
result is the tool needed in the actual application.

THEOREM 4.1. Let f(x) = 2°_,a,R,(t)e™ . Then there exists a constant K,

n=1

depending only on ¥ such that

4.1) fo 'wq,(a, £) dt< KyQy(8, f).

Hence, if ¥ satisfies the condition in Theorem 3.2, then

“4.2) fo '24(5, f)d(—\I'"( < )) <o

implies that for almost all t,

1
e
fo w,,(a,f,)d( v )) < .
So for almost all t, f,(x) is essentially continuous in x.

ProoF. Only (4.1) needs to be argued. All else is immediate from it and the
prior development. (4.1) follows from the more general fact that for F(¢, x)
defined on [0, 1] X [0, 27] and positive there exists a constant K so that

“3) LIFC 0], de< KllFlly

where || ||¢ and ||| |||¢ denote the Orlicz norms on [0, 27] and [0, 1] X [0, 2],
respectively. (4.3) follows from a monotone class theorem argument [1].
Observe that if F,1F and F, satisfies (4.3) then F does also. Further, observe
that linear combinations of indicator functions of dyadic rectangles also
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satisfy (4.3) (see [2]). So the monotone class theorem gives the validity of (4.3)
for all positive Borel functions.
The main result of this section can now be presented.

THEOREM 4.2. Let f,(x) = Z_,a,R, (De™ . If

172

& , . ,n ds
@) (S 2) 2 <o,

j(; n-la 2 6\/iog(c/8) ”
then

1 db

4.5 2¢(8,f) —— < o0,
@5) J, 248.5) —on <%

where Y¥(u) = exp(u®/4) — 1. Hence, almost surely

1
fos0f) =2 <

dylog(c/3)
and f, is essentially continuous. In particular, (4.4) is true if {a,} satisfies the
Salem-Zygmund condition [7],
o 1/2
) S ( » ag/k) < oo,
k=11\p50k

Note. In [5] Marcus and Jain have also shown by entirely different methods
that (4.4) is a sufficient condition for the a.s. uniform convergence of S, (x).

PROOF. Recall that for a random series Y (1) = =%, ,c,R,(f) where ¢, = a,
+ ib,, .14} < § and 2,52 < 1, that Khinchine’s inequality is valid (see
[2] or [8]): m{z: |Y(#)] > A} < 2 exp(—A?/2). Using this result, one calcu-
lates that f(exp(|Y (£)]>/4) — 1) dt < 2. This can be applied to

. 1/2
Y (1) = (fi(x + ) —f,(x>)/4( S a sin? 7‘*) :
n=1

This gives that

j(;lj(«)zﬂ exp 21{

So from the definition of (8, f), one has

2

8 —_
fi(x +8) f,(x)m} — 1dx dt < 4.

4(Z5- 4] sin*(nd/2))

o 1/2
Qy(5,f) < 4( S a2 sin? ”73) .
n=1

So (4.5) follows immediately.
To show (4.6) implies (4.4) observe that
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172 1/2 1/2
0
(Ea,fsin’%s-) <§( > agnz) +( i ag)
nm=1 n<1/8 n>1/8

So it is enough to show that (4.6) implies each of the following:

@ fol( 2 afnz)l/zLa- < o0;

n<1/8 Viog(c/8)

dd

. . ) 1/2
®) j(; (,.>21/sa") G\Iiog(c/S)

Part (b) is verified by the following calculations:

< 0.

, L N " »
L(ng/sag) dylog(c/$8) -kgof?’"'(ngn/sa:) sylog(c/8)

o0 2-k 172 d8
Sz —2—
k-Oj;”"" n>2* 8\/iog(c/8)
w 172

2k+l 1 1
<E(2e) 25 (F-)
k=0\p52¢ og c2* 26 2!

L & (Zwr)”, (Za)”
< 2 ( n n ) + ( n=1"n ) .
Viog2 k=1 k

Hence (b) follows from (4.6). A similar but somewhat more delicate calcula-
tion also gives (a) as a consequence of (4.6) [2].
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